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Minimum Discrimination Information Estimation and Application 

S.  KulloacK 
Tne George Wasnlngton University 

Wasnlngton,  D. C.   20005 

Aostract 

Tnls paper presents In some detail tne application of 

tne minimum discrimination Information tneorem to tne analysis 

of multidimensional contingency tables.    It Is snown tnat tne 

form of tne minimum discrimination Information estimate as a 

memoer of an exponential family provides a regression 

expression for tne logaritnm of tne estimate.    Computational 

procedures for tne evaluation of tne regression parameters and 

tne minimum discrimination information estimates are descrlced 

along wltn tne tests for tne nypotneses as provided oy tne 

minimum discrimination information statistics. 

0.    Introduction.    Tnls paper is related to [91  and [10]   In wnlcn 

certain oasic tecnnlques and procedures were presented for tne 

'■Supported in part by tne Air Force Office of Scientific Researcn, 
-Office of Auyocpada Rggggrefty United States Air Force,  under 
Grant AFOSR-68-1513. 

This paper was reproduced photographically from the author's manuscript. 
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analysis of multidimensional contingency tables.    In tnls paper 

we snail examine tne underlying tneory In greater detail and 

present one Important area of application.    In particular we 

snail detail tne close analogy of tnls application witn 

multivarlate regression analysis.    Altnougn tne Ingredients of 

tne underlying tneory were discussed in [ill it seems necessary 

and desiraole to present tnese  ideas nere in greater detail. 

We also remars tnat a more extensive computer program tnan 

tnat  described In [6]   and [9]   nas been prepared  by Professor 

Ireland of Tne George Wasnlngton University.    Tnls new program 

can nandle tables of nigher dimension tnan four-way contingency 

tables and also provides tne values of additional useful 

parameters. 

It snould be pointed out tnat tnere are otner areas of 

a;, plication of minimum discrimination information estimation 

tnan tnat considered in detail in tnis paper,  for example,  [3], 

C^l,  [51,  [71, [11],  [12],  [13],  [143.    Tne particular 

application we snail consider nere can oe described as fitting 

tne observed values In tne cells of a contingency table in 

terms of a regression based on sets of observed marginals as 

explanatory variables. 

1.     Discrimination information.    To mase tne discussion more 

specific we snail present it in terms of tne analysis of four- 

way contingency tables.    All tne essential features of a more 

general presentation appear.     Let us consider tne space    Cl 

4^1||i,inijii|i ■ vmi 
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of four-way contingency tacles RXSXTXUof dimension 

rxsxtxuso tnat tue generic variable is IU - {i,d,K.,l), 

i - 1,...,^   j - l,...,s,  K - l,...,t,   t - 1,...^.    Suppose 

tnere are two prooaDility distrioutions or contingency taoles 

( we snail use tneae terms intercnangeaoly )   defined over tne 

space n,   say p(u)), TT(II)),  r p(u))  - 1,  s Tr(u))  - 1.    Tne 

discrimination information is defined Dy 

(1.1)     I(P:TT)  - 2    p(u,)  in   ^T * 

Tne oasis for tnis definition, its properties, and relation to 

otner definitions of Information measures may oe found in [11], 

in tne Proceedings of [13] and references tnereln. For tne 

particular types of application of interest nere tne n-distrioutlon, 

■n > , in tne definition (1.1) according to tne proolem of 

Interest may eltner De specified, or it may De an estimated 

dlstriDutlon, or it may De an observed distriDution. Tne 

p-dlstrlDution, p(u)), in tne definition (1.1) ranges over or 

is a memDer of a family of distributions of interest. 

Of tne various properties of I(p:n) we mention in particular 

tne fact tnat I(p:n) > 0 and - 0 if and only If p{u)) - Tr(iu). 

2. Minimum discrimination information estimation. Many 

problems in tne analysis of contingency tables may be cnaracterized 

as estimating a dlstriDutlon or contingency taDle suDject to 

certain restraints and tnen comparing tne estimated table wltn an 

MM. 
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oDserved taole to determine wnetner tne oDserved taole 

satisfies a null nypotnesls Implied Dy one restraints.    In 

accordance witn tne principle of minimum discrimination 

Information estimation we select tnat memoer of tne family 

of p-distriDutions satisfying tne restraints wnlcn minimizes 

tne discrimination information I(P:TT)  over tne family of 

pertinent p-dlstriDutlons.    We denote tne minimum discrimination 

Information estimate by p*(u))   so tnat 

(2.1)     I(p»:n)   - S PMU)') in   21^   " min I(?:TT) • 
Tr(ui) 

unless otnerwise stated, tne summation Is over Ü wnlcn will De 

omitted. 

In one  class of proDlems tne   restraints  specify some 

requirement external to tne oDserved values,  for example,  tnat 

a set of marginals,nave specified values as determined Dy genetic 

or otner tneory [41,  [5],  [121,   or tnat marginals be nomogeneous 

[31,  [1^1,  or tnat tne distribution satisfy certain symmetry 

conditions [31.    In sucn proDlems IT (ID)   is taKen to De an oDserved 

contingency taDle,   tnat is,  x(u))  - x(ijiU,)  - nrr(ljia),  wnere 

n - 2 x(u)). 

In anotner class of problems tne restraints specify tnat tne 

estimated dlstrlDutlon or contingency table nave some set of 

marginals wnlcn are tne same as tnose of an observed contingency 

table.    In sucn cases TT(U))  is taKen to be eltner tne uniform 

distribution T^ljiot.) - 1/rstu or a dlstrlDutlon already estimated 

suDject to restraints contained in and implied Dy tne restraints 

under examination.    Tne latter case includes tne classical 
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nypotneses of Independence,  conditional Independence,  nomogenelty, 

conditional nomogenelty and interaction,  all of vmicn can De 

considered as instances of generalized Independence [ 3l, [63, 

[71, [81, L9l,  [10], [131,  and will De considered in some detail 

in tnis paper. 

3.    Minimum alscriminatlon information statistic.    To test 

•«metner an oDserved contingency taole satisfies tne null 

nypotnesis as represented oy tne minimum discrimination 

information estimate we compute a measure of tne deviation 

octween tne oDserved distrlDution and tne appropriate estimate 

oy tne minimum discrimination Information statistic.    For 

notational convenience and later computational convenience let 

us denote tne estimated contingency taDle in tenns of 

occurrences oy **(u))  - np*(ii)),  tnen for tne first category of 

proolems,  tnat is,  witn restraints determined oy external 

considerations,  tne minimum discrimination Information statistic 

turns out to De 

(3.1)     2I(x*:x)   - 2Z x*(ii)) in   x  fo) 

wnlcn is asymptotically distrlDuted as a x    witn appropriate 

degrees of freedom under tne null nypotnesis.    For tne second 

category of proDlems,  tnat is, witn tne restraints implied oy 

e  set of oDserved marginals,  or tnose of a generalized 

Independence nypotnesis, tne m.d.l.  ststlstic Is 
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(3.2)  2I(x:x*) - 2Z x{v)  tn x(m) 
x* (ID) 

wnlcn Is asymptotically dlstrlauted as a xa  wltn appropriate 

aegrees of freedom under tne null nypotnesls. 

Tne statistic In (3.2) is also minus twice tne logaritnm 

of tne llKellnood ratio statistic but tnls Is not true for 

tne statistic in (U.l) or in otner applications [11]. 

k.    Klnlmum discrimination information tneorem. We now present 

a tneorem wnicn is tne oasis for tne principle of minlmLim 

ülscrlmlnatlon information estimation and its applications. We 

snail present it in a form related to tne context of tnls 

discussion on tne analysis of contingency taoles. 

Let us consider tne space n mentioned in section 1 and 

tne discrimination information Introduced in (1.1). Suppose 

now, for example, tnat we nave tnree linearly independent 

statistics of interest defined over tne space 0 

(4.1)  ^ (u)), Ta(u>), T, (IB). 

Let us determine tne value of p(uü)  wnicn minimizes tne 

discrimination information 

(4.2)     I(p:n)  - 2 p(u))  fa. P(u)) 

TT(U)) 

over tne family of p-dlstrlDutlons wnicn satisfy tne restraints 

-'"-- '■-•■   •■ 
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2 \ («) p(<») - e* 

(4.3)   2 T8{UI) p(u)) - e» 

2 Ts(u))   p(u))   - ©* 

wnere ef,  ef,  ej  are specified values. 

If TT(U))  satisfies tne restraints (4,3)  tnen of course 

tne minimum value of l(p:n)  is zero and tne minimizing dlstrlDutlon 

is p*(u))  -TT(U)).    More generally,  tne minimum discrimination 

Information tneorem [ 111   states tnat tne minimizing dlstrlDutlon 

la given Dy 

(4.4)     p*^)  -    gf^ill^lJlüJ   +'r*'T*M   +T3T3(U))-). nda) 
"(TJ ,TB .T, ) 

wnere 

(4.5) M(TifT, ,TS) - 2 exp^T^u») +TaTa(u)) +T9TS(U))) TT(I») 

and tne T'S are parameters wnlcn are in essence undetermined 

Lagrange multipliers wnose values are defined in terms of 

% .£-tn H{rx,ra.ra)  - 

- (2 exp (T^H +TaT8(u)) + TaT, (u)))T1(ii))n(u)))A(T1,T8,Ts) 

^~.~^.,^. -^..^^— — ^, J'*«M1Mlilr'riiri i' nm 
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(4.6) e* -^_*nM(Tl,T>,T,) - 

- (2 exp(T1 Tj (m) + T8T8 (m)  ^r,?, (u.))T8 (u))n(u)))A(T1 ,T, ,Ta ) 

e* -^r*nM(Tx'T
8.

T.) ■ 

- (s exp (r^im)  +TaTa(u)) + '.T, (a)))Ts (uiMu)))/^ ,Ta ,T4) 

We can now state a numoer of consequences of tne preceding. 

We note first tnat p*(u)) Is a member of an exponential 

family of dlstrloutlons generated Dy r (ui) and as sucn nas tne 

properties of members of an exponential family. In particular 

p*(ti)) - TT(U)) for T1 - Ta - T3 - 0. We may also write (4.4) 

(4.7) ^n £i£l - - *n M^ ,Ta ,Ta) +^^(1«) +rsTa(ii)) +TST3(«)) 
n(u)) 

- L + ^ Tj (ID) + TaTa (a>) + TtTs (ifi) 

witn L - - In M(T »Tg ,T3 ). Tne regression expression in (4.7) 

for •tn(p*((|))/n (uj)) witn ^ (IU) , Ta(uj), T3 (ui) as tne explanatory 

variables and rl tTg ,J9 as tne -egression coefficients plays an 

important role in tne analysis we snail consider. 

We note next tnat tne minimum value of tne discrimination 

information (4.2) Is 

(4.8) I(p*:n) - T, 6* + Ta^ + ra(%  - 4n M^ ,TB,TS ) 

..-.  -■J-,.. -.., ..,..-.- iiiiiiiiiMriiMiilMiiiii 
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wnere tne 9 's are defined in (4.3) and tne T'S are determined to 

satisfy (4.6). Using tne value in (4.7) it may De snown tnat If 

p>) is any member of tne family of dlstrlDutions satisfying (4.3), 

tnen 

(4.9) I(P:TT) - I(p:p*) + I(p*:n). 

Tne pytnagorean property (4.9) plays an  important role in tne 

analysis of information tables. 

We note tnirdly relatic s connecting tne ©''s, tne T'S, 

and tne covarlanc? matrix of tne ?(*)'s. If we define tne 

matrices (vectors) 

(del)' - (der. a6?, a®*). (51)' - (dTi. <"». ^a) 
tnen [11, p.49l 

1 ^n»^ (4.10)  (do*) - |» (dt),  (dr) - 2*" (do ) 

wnere 2* Is tne covariance matrix of Tj («)), T, (tu), T3 (iu) for tne 

distrlDutlon p*(ui), tnat is, witn 

* N r-*"1- i„*ii\ <, -S(T1(l«)-e;)(TJ(Ui)-e;)p
,r(lU), / - (o^),^'

1- (a'M) 

(4.11) ^L_ - ufj . Jly m ® »t 4 

From (4.5) it is seen tnat M(TI,T8,T3) is tne moment-generating 

function of T («)), Ta (tu), T8 (ID) under tne distribution "(tu), nence 

■—^-^ ---  , 
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tne cumulant-generatlng function Is given up to quadratic terms 

(4.12)    In Uirl,ra,ra)  « ö1T1  + 6,1.,   + Vs  + Iff ai j  ^T, 

wnere 

(4.13)    ©.   -ST.HTT^), atJ -1(1. (u))  -«J^W   -e^nW 

Tnus, using (4.12) in (4.6), we get 

(4.14) 6* » e8 + S aal T, 

and tnen using (4.14) In (4.8) yields 

(4.15) 2I(P»:TT) « (e* - e)< z"1 (e* - e) « T.» 21. 

We nave used tnree functions ^ (ui), Ta («)), Ta (ID) tnus far 

in tne discussion merely as a matter of convenience. We note tnat 

(4.15) nolas for a set of m functions ?,(«>), 1 » l,...fm wltn 

appropriate meanings for tne matrices. Let us partition tno c^t 

of m functions Tj (w) into a set H^ say of mB and a set H0 of tne 

remaining mo » m - m^ functions, wnere tne functions in tne set Ha 

nave tne property tnat 

10 
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(4.16)   e* - es, 1 - 1 m4  . 

We nave tne related partitioning of tne covariance matrix of tne 

Ti H,  i - 1, ...,m 

(i|,.l7)     2./4,     ^'l   .     Ä«   " S.'. 

and tne £,  9*,  and T_ matrices 

(4.18)   e*' - (£•,£•), i'- (e;, ej), i« - (rj, rj). 

In terms of tne partitionings in (4.17)  and  (4.18)  tne 

relations in (4.14) may De written as 

e*«e   +2L. "L +2.. 1. 
(4.19) - ' 

and using tne fact tnat j£ - 6,, it is found tnat using tnese 

results in (4.8) now yields 

(4.20)  2I(P»:TT) « (ej - ©.) • ^i., (ej -6,) « rj S...^ 

wnere z - 2..   - JL. i?. 2.    is an m,  x m.  matrix.    Tne 

results under tne partitioning will nelp in Interpreting tne 

analysis of information values and are similar to tnose occurring 

in tne testing of suonypotneses in tne linear and multivariate 

linear nypotnesls tneory 111, p. 216,  259]. 

ii 
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We note from (4.6) and (4.7) tnat 

(4.21) _L-in p« (u)) - T. (ui) -_a_ tn M(T. .T.,...) - T H - 8», 

nance T (m)   is tne meixlmum llKellnood estimator of Q* .    Tnus if 

we write Tj (UJ)  - ^i*  and denote tne values satisfying  (4.6)   or 

(4.14)  wltn 6*  In place of ef  and T    in place of T   ,  we nave 

corresponding to  (4.15) 

(4.22) 2I(p*nT)   -  2 2 ^    Gf   - 2 tn M^ ,T8 ,...) 

»    (9*  - 6)' r1 (©*  - 91 « i» z L 

and corresponding to (4.20) 

(4.23) 2I(P*:1T) - (> - 6.)' ^
l

0.. (<£ " i.) * L' S.,.. I' 

A 

We remarK tnat tne covarlance matrix of tne T'S Is tne Inverse of 

tne covarlance matrix of tne T (IU)'S. 

If tne 9* are tne averages of n Independent observations 

tnen we nave for tne minimum discrimination information statistics 

A A 

(4.2'  2n I(p» :TT) » n(©» - 6) • T1 (©* - i) « n 1' S 1 

and in tne partitioned case 

(4.25) 2n I(P»:TT) » n(ej - ^)' ^;#i (ej - 9.) « n T^ I,,., T 

12 
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Under tne null nypotnesis 2n I(p*:Tr)  in (4.24)  or (4.25)  Is 

asymptotically dlst 

degrees of freedom. 

asymptotically dlstrioutea as x3    respectlve^.y wltn m or m 

5.    Computational procedures.    An experiment nas oeen designed 

and ooservatlons made resulting In a multidimensional contingency 

taDle wltn tne desired classifications and categories.    All 

tne Information tne experimenter nopea to obtain from tne 

experiment Is contained In tne contingency taole.    In tne process 

of analysis, tne aim Is to express tne observed table by a 

number of parameters depending on some or all of tne marginals, 

tnat Is,  to find out now mucn of tnls total Information Is 

contained In a summary consisting of sets of marginals.    Indeed, 

tne  relatlonsnlp between tne concept of Independence or association 

and Interaction in contingency tables and tne role tne marginals 

play Is evidenced In tne writings of Bartlett [ll,  Simpson [171, 

Roy and Kastenbaum [16],  Lewis [15],  Darrocn [2]  and otners on 

tne analysis of contingency tables.    Tnus,  tne ©'s in tne 

preceding discussion will be tne marginals of Interest. 

5.1.    Tne T(m)  functions.    Tne T(u))  functions for tne R x S x T x U 

table turn out to be a basic set of simple functions and tneir 

various products.    Tnus,  for example, tne T(iu)   function associated 

wltn tne one-way marginal p(2...)  is 

nR (5.1)     T^(ijK4)  - 1 for 1 - 2,  any jfK,t 

- 0 otnerwise 

13 
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since 

(5.2) Z p(ijKfO  Ta
K(ljKt)   -.p(2...). 

Similarly tne T(iu) function associated wltn tne one-way marginal 

p(..3.)i for example, is 

(5.3) T^(ljKt) - 1   for K - 3, any l,j,/, 

- 0      otnerwlse 

since 

(5.4) S p(ijia) TMlJfct) - p(..3.). 

Tnus for tne r x s x t x u taole we nave 

(r-l) linearly independent functions ^(IOK*') ,a-lf.. .,r-l 

(s-l) linearly Independent functions T?(IjKt),fi-l,.. .,s-l 
(5.5) ' T 

(t-1) linearly Independent functions T^(IjKt),Y-1,.. .,t-l 

(u-1) linearly independent functions T^(ljRt),6-1,...,u-1, 

since, for example, 

S Z Ta
R(ljW,) - rstu . 

We nave aroitrarly excluded tne functions corresponding to 

ot-r, fl-s,Y-t, 6-u as a matter of convenience, we could 

nave selected a - 1, s - 1, y " 1> 4 " 1 or any otner set of values. 
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Tne T(u)) function assoelated wltn tne two-way marginal 

p(12..) say, Is T^(ljKt) if (IjKt) since from tne definition of 

T^(ljW,) and Tg (IJRt) It may oe seen tnat 

(5.6) if (IJKt) Tf(IjK*) - 1  for 1 - 1, j - 2, any Kt* 

- 0     otnerwlse 

and 

(5.7) X P(l3»t) T.R(ljRt) Tf(ljK*) - p(12..). 

Tnus tne T(u)) function associated wltn any two-way marginal Is 

a product of two appropriate functions of tne set (5.5)• 

Similarly tne T(u)) function associated wltn any tnree-way 

marginal will be a product of tnree of tne appropriate functions 

of tne set (5.5), for example, 

(5.8) Z P(lj»t) ^(IJW.) T^ljKf,) T^ljftt) - p(2.13). 

Similarly tne T(iu)  function associated wltn any four-way 

marginal will De a product of four of tne appropriate functions 

of tne set  (5.5)»  for example, 

(5.9) 2 p(lJRt)  Ta
R(lJKO   Tf(ljl«.)   Tj(lORt)  ^(Ijw)   - p(2112) . 

We note tnat tnere are a total of 

^ - (r-1) + (s-1) + (t-1) + (u-1) 

Na - (r-1) (s-l)+(r-1) (t-l)+(r-l) (u-l)+(s-l) (t-l)+(s-l) (u-.T.)+(t-l)(u-]) 

15 
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N3-(r-l)(s-1) (t-l)+(r-l)(s-1)(u-l)+(r-l) (t-1)(u-l)+(s-l)(t-1)(u-1) 

N4-(r-l)(S-l)(t-l)(u-l) 

respectively of tne simple linearly Independent functions and 

tnelr products two,  tnree,  four at a time.    It may De verified 

tnat 

(5.10)     rstu -1-N-N    +Na+Ns+N4. 

Tnese values are degrees of freedom in tne analysis of information 

taoles in [61, [101. 

5.2. Tne p*(ui) values. In tne usual regression analysis 

procedure, one first computes tne regression coefficients and 

tnen gets tne values of tne estimates. In tnis case nowever we 

reverse tne procedure. Instead of trying to ootain tne values 

of tne T'S from (4.6) we snail first ootain tne values of p*(u)) 

oy a stralgntforward convergent Iterative procedure and tnen 

derive tne values of tne T'S from (4.7). We snail not discuss 

tne details of tne Iteration nere since tney nave oeen described 

In [4], [6], Fgl, [lol. Tne Iteration may De described as 

successively cycling tnrougn adjustments of tne marginals of 

Interest starting wltn tne TT(IU) dlstriDutlon until a desired 

accuracy of agreement between tne set of oDserved marginals of 

interest and tne computed marginals nas Deen attained. 

5.3. Tne T values. From tne definlticns of tne T(u)) functions 

in section 5.1 it is clear tnat tney taKe on only tne values 

0 or 1 for eacn value of ui. Prom tne nature of tne T(u)) 

functions tne set of regression equations (4.7) will nave some 
16 
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wltn a single T value wnlcn can oe determined. Tnen tnere will 

De a set wltn one additional unimown value and some of tne T's 

already determined. Tnese new unimown T values can be tnen 

determined. Tnls process of successive evaluation Is carried 

on until all tne values of T are determined. 

6. Analysis of Information. Altnougn tne preceding tneoretlcal 

discussion nas oeen In terms of proDaollltles, estimated 

prooaDllltles or relative frequencies, In practice It nas Deen 

found more convenient not to divide everytnlng by n, tne total 

numDer of occurrences, and deal wltn observed or estimated 

occurrences, tnat Is, wltn nrr (IjBt) - n/rstu, x(ljia), x(l...), 

X(.JK.), x*(ljKt) - n p*(ljK't) etc. Tne analysis of Information 

Is based on tne fundamental relation (4.9) for tne minimum 

discrimination Information statistics. Specifically If n pa(ui) - 

x* (IU) Is tne minimum discrimination Informa-ilon estimate 

corresponding to a set H of given marginals and x*(u)) Is tne 

minimum discrimination Information estimate corresponding to a 

set 1^ of given marginals, wnere Ha c H^, tnen tne basic relations 

are 

(6.1) 

2I(x:nrT) - 2I(^:m) + 2l(x:x*) 

2I(x:r»T) - 2I(x»:nn) + 2I(x:x*) 

2I(x*:nrT) - 2l(^:nrr) + 21(x*:x*) 

2I(x:xJ) - 2l(x*:xj) + 2I(x:xJ) 

17 
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In terms of tne representation In (4.4) as an exponential 

family, for our discussion, tne two extreme cases are tne uniform 

distrioution for wnicn all T'S are zero, and tne observed 

contingency table or distribution for vmlcn all N - rstu - 1 

T'S are needed. 

Measures of tne form 2I(x:x*)l tnat is, tne comparison of 

an observed contingency table witn an estimated contingency table, 

are called measures of interaction and measures of tne form 

2l(x*:x*), tnat Is, tne comparison of two estimated contingency 

tables, are called measures of effect, tnat is tne effect of tne 

marginals in tne set Hb but not in tne set H . From tne results 

In (4.24) or (4.25) we see tnat 2I(x:x*) tests a null nypotnesis 

tnat tne set of T parameters in tne representation of tne observed 

contingency table x(m)   but not in tne representation of tne 

estimated table x^(u)) are zero, and 2I(x*!X*) tests a null 

nypotnesis tnat tne additional set of T parameters in tne 

representation of tne estimated table x*(u)) but not in tne 

representation of tne estimated table x*(u)) are zero. 

Since tne marginals of tne estimated table xj(tu) wnicn 

form tne set of restraints H used to generate x*(iu) are tne 

same as tne corresponding marginals of tne observed x(u)) table 

and all lower order implied marginals,21(x:x») is also 

approximately a quadratic in tne differences between tne 

remaining marginals of tne x{m)  table and tne corresponding 

ones as calculated from tne x*(u)) table. 

Similarly 2I(x*:x^) is also approximately a quadratic in 

tne differences between tnose additional marginals in H but not 

In Em  and tne corresponding marginal values as computed from tne 
18 
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x^ (UJ) tacle. 

As we snail see, Decause of tne nature of tne T(u)) functions 

descriDed in section 5.1, tne  T'S are determined from tne 

regression equations (4.7) as sums and differences of values of 

-tn x*(ijK{,). A variety of statistics nave oeen presented in 

tne literature for tne analysis of contingency tables wnlcn are 

quadratics in tne marginal values or quadratics in tne 

logarltnms of tne oDserved or estimated values. Tne principle 

of minimum discrimination information estimation and its 

procedures tnus provides a unifying relatlonsnip since sucn 

statistics may De seen as opposite faces of tne minimum 

discrimination information statistic. 

We nave presented tne approximations in terms of quadratic 

forms in tne marginals or tne T'S to assist in understanding and 

interpreting tne analysis of information taDles as a Dridge 

connecting tne familiar procedures of classical regression 

analysis and tne procedures proposed nere. Tne covarlance matrix 

of tne T(u)) functions can öe estimated for eitner tne oDserved 

taDle or any of tne estimated taDles and tne inverse of tnat 

matrix found snould tnelr values De desired. 

7. Tne 2X2 taDle. Before we present an application of tne 

preceding ideas to experimental data in a four-way contingency 

taDle, we snail reexamlne tne 2X2 taDle from tne point of view 

of tnis paper. Tne algeoraic details are simple in tnis case and 

exniDit tne unification of tne Information tneoretic development. 

Suppose we nave tne observed 2X2 taole in figure 7.1. 

19 
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If we fit tne one-way 

x(ll) x{12)      | x(l.) 

x(21) x(22)       1 x(2.) 

xM) x(.2)       j n 

Figure 7.1 

marginals,  tne generalized Independence nypotnesls is tne 

classical Independence nypotnesls and tne mlnlraiiTn discrimination 

information estimate is x? (ij) - x(l.)x(.j)/n     A convenient 

representation of tne regression (4.7)  is given in figure 7.2. 

Tne entries in tne columns TX , Ta , T. 

1 0 L Ti 
T

S 
T
3 

1 1 1 1 1 1 

1 2 1 1 

2 1 1 1 

2 2 1 

Figure 7.2 

are respectively tne values of tne functions ^(ij), ^(ij), T, (ij) 

associated witn tne marginals ©1 - x(l.), ©8 - x(.l), 6, - x(ll), 

and tne column neaded L corresponds to tne negative of tne 

logarltnm of tne moment-generating function. For tne ooserved 

distribution, recalling tne regression (4.7), it is found tnat 

20 
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(7.1)    L - An (x(22)/n/4),  TX   - In (x(12)/x(22)),  T,   - in (x(21)/x(22)) 

T3 - *n (x(ll)x{22)/x(12)x(21)). 

If we call T tne matrix witn cnlumns tne columns of Figure 7.2, 

tnat Is, 

(1111 

I I I 0 
10      0      0 

and define a diagonal matrix D wltn main diagonal tne elements 

x(lj), tnat is, 

(7.3) D- 
^x(ll)   0  0  0 

0 x(12) 0 0 
0 0 x(21) 0 
0    0  0 x(22)^ 

tnen It may De verified tnat tne estimate of tne covarlance matrix 

of tne Tt (ID) for tne ooserved-contingency taole Is Z - ^8>1 wnere 

(7.4) A- 8 | - T'DT 

(7.5) A,,., -A,, - A,, &  4- 

and ^i la 1 x 1, A^   is 3 x 3, ^  - A 8   Is 1 x 3.    It is found tnat 

(7.6)    2- 

^(l.)x(2.) _ x(l.)x(.l) x(ll)x(2.)           \ 
n                     » '  "           n                      n 

xd!)   . x(l.)x(.l) x(.l)x(.2) x(ll)x(.2) 
'                 n n                       n 

*iHl£liJ *iii)M.2) x(11) _ x'dl)   / 
^            n                        21 n                                         n         / 
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Even for tnls simple case Inverting tne matrix In (7.6) Is messy 

algebraically, nowever,lt Is easier to use tne relations In (4.10) 

and (4.11). ¥e nave from (7.1) 

(7.7) Ti-tnx(12) -lnx{22),    Ta-tnx(21) - In x{22), 

Ts-tnx(ll) +'tnx(22) - in x(12) - -tn x(21) 

and from ©1   - x(l.),  €^  - x(.l), e,  - x(ll)  and tne relations 

Implied In Figure 7.1 It Is found tnat 

(7.8) x(ll)   - ©3,  x(12)  - 6,   - O3,  x(21)   - Qa-Qa,x(22)-n-&l-6a  +9i 

It tnen follows tnat 

ST,   m      1 1 3T,   _      1 3T,   _ _ _1 1__ 
dd    ' x(12)       x(22)   '    30-   ' x(22)   '     3©.   " " x(12)   " x(22) 

ila. 1 STg 11. 3Ta 1 1 
3©    " x(22)   '     3©    ' x(21)   + x(22)   '     3©,   " " x(21)   " x(22) 

(7.9) 
3TS 3T3 

3©1 x(12)       x(22)   '    36, x(21)       x(22)   ' 

3T3   _       1      4       1       +      1       +      1 
3©.       je(ll)      x(12)       x(21)       x(22) 

tnat Is,  tne entries of 2"1   since 9T.     - a1' . 
3©, 

22 
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Note tnat tne value of tne logarltiun of tne cross-product 

ratio as a measure of association appears In tne course of tne 

analysis as tne value of T., and tnat TS  - 0 for x*(lj) wnose 

representation as in Figure 7.2 does not involve tne last 

column.    Tne minimum discrimination information statistic to 

test tne null nypotnesis of independence is 2l(x:x*).    In this 

case 6f - ©i ,  Of " ^   ancl ln accordance witn (4.25) 

(7.10)    2l(x:x») «  (x(ll)   - x(l.)x{.l)  f   ( 1    ^    1     . | 1       .    1      v u       ' v /        \   \     / n /      vx»(ll)   x*(12)   x*(21)(x*(22; 

RememDerlng tnat x»(ij)  - x(i.)x(.j)/n, tne rignt-nand side of 

(7.10) may also De snown to De 

(7.11) 2 (x(ij)  -.x(i.)x(.j)/n)a/x(1-)x(-J) 
... n 

tne classical X'-test for independence witn one degree of freedom. 

A test vmlcn nas Deen proposed for tne null nypotnesis of no 

association or no interaction in tne 2x2 taole is 

(7.12)     (.n x(ll)^n x(22)-.nx(12)-.n x(21))' (^+_1_+_1_+_1_)-l 

wnlcn is seen to De tne approximation for 2I(x:x*) in terms of tne 

T'S witn tne covarlance matrix estimated using tne oDserved values 

and not tne estimated values. We remarK tnat if tne oDserved 

values are used to estimate tne covarlance matrix tnen Instead 

of tne classical Xa- test in (7-11) tnere is derived tne modified 

23 
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Neyman cni-square 

(7.13)    X'3 - 2(x(ij)  - x{l.)x(.j)/n)aA(lj). 

8. Example wltn experimental data. Consider tne R x S x T x u 

tacle 8.1a representing tne results of test snooting under tnree 

different conditions: 

R:Gun barrel wear:l-l, new, 1-2, moderate, 1-3, excessive 

S:Gun Darrel temperature:j-l, cold, j-2, not 

T:Unlt temperature:K-1, not, K-2, amolent, K-3, cold 

UiNumoer operative:*-!, success, 1-2,  failure. 

We are indebted to Mr. B.M. KurKjlan of tne Harry Diamond 

Laboratories for tne data and nls Interest In tne analytic 

procedure we nave discussed. We note tnat 15 lounds eacn were 

fired under eacn of 18 experimental conditions, fnls is not 

necessary for tne application of tne analysis of infonnation 

procedures out was required for tne earlier application of 

Brandt's analysis to tne data. 

Figure 8.1 presents a grapnic represertatlon of tne 

regression (4.7) and is similar to tnat in Figure 7.2 for tne 

2x2 table. Tne L column corresponds to tne negative of tne 

logarltnm of tne moment-generating function (a normalizing value) 

and eacn of tne otner columns is a T(u)) function wltn tne associated 

T value at tne nead of tne column. Superscripts and subscripts 

are used to identify tne factors and categories Involved. Tne 

complete representation in Figure 8.1 wltn tne 35 T values will 

provide an exact representation for tne observed values x(ui). 

Tables 8.2, 8.3. and 8.4 are analysis of information tables 
24 
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presenting appropriate analyses as various sets of marginals of 

Interest are Introduced as explanatory varlaoles. 

In Figure 8.2 tne columns corresponding to tne T parameters 

wnlcn enter Into tne various distributions appearing In tables 

8.2, 8.3 and 8.4 nave been cnecKed. Note tnat for nrr, tne 

uniform distribution, tnere are no cnecKs, and for x(u)), tne 

observed distribution all columns are cnecKed. Tne degrees of 

fretidom for any effect component Is tne difference In tne 

number of columns cnecsed for tne corresponding estimates. Tne 

degrees of freedom for any Interaction component Is tne difference 

in tne number of columns cnecKed for tne observed x-dlstrlbutlon 

and tne estimated distribution. 

Tne null nypotnesls for any effect component Is tnat tne 

additional T parameters are zero, for example, tne null 

nypotnesls for tne effect component 2I(xJ:xJ) In table 8.2 is 
T5TT     T>TT 

tnat T*'"   T^ are zero.    Tne null nypotnesls for any Interaction 

component Is tnat tne set of parameters wnlcn are cnecsed for tne 

observed x-dlstrlbutlon but not for tne estimated distribution 

are zero, for example, tne null nypotnesls for tne tnlrd-order 

Interaction component 2I(x:x*) In table 8.2 Is tnat r^f^, 

„RSTU    rRSTU    „.RSTU »-.  zero T811l' T11BX' T818l are Zer0, 

Note tnat ell tne marginals Implied for x* In table 8.4 

are x(l...), x(.j..), X(..K.), x(...t), x(lj..), X(1.K.), X(1..4), 

X(.JK.), x(.j.4), X(1JK.), x(lj,.t) and tne marginals Implied for 

x*' in table 8.4 are x(l...), x(.j..), X(..K.), x(...t), x(lj..), 

X(1.K.), x(l..t),x(.JK.),x(.J.t),x(..ftt),x(lOK.),x(l0.;,),x(l.fcf/)t 

nence tne six parameters ^t^it^i^^^vax^tti    aPPear ln 

x* but not in x*. 
25 
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We draw tne following concluslona from tables 8.2,   8.3,  8.4: 

1. Success/Failure is not nomogeneous over tne 18 

experimental situations, x*(ljtt)  - X(1JK.)X(. . .<,)/n,  2I(x:xf)  - 

34.371,  17 D.F. 

2. Tne effect of x(l..<,)  In taole 8.2 Is almost significant, 

out tnose of x(.j.4),  X.{..K.I)  are not significant,  nence we 

proceed as in table 8.4. 

3. Tne marginals X(1JK.), X(1J.|,),  x(l.Kt)   and tne lower 

order marginals tney imply provide an acceptable estimate for tne 

original data since 2l(x:x*)  - 7.413,  6 D.P.,  tnat Is,  we accept 

a null nypotnesls tnat tne  set of six parameters    rf™ trfai> 
RSTU    RSTU      RSTU      RSTU z Tiiii»T8iii»   Tiiai»   Taiai   are  'se^o• 

4. Using Figure 8.1 and Figure 8.2 we can express tne 

logaritnm of tne ratio of tne estimates for success to failure 

under all 18 experimental conditions,  tnat is,  tne loglt, as 

tne linear comoinatlon of a constant term T^,   a term depending 

on barrel wear TJ^  T^,  a term depending on tne Interaction 
POTT      "Rcur 

of barrel wear ana barrel temperature rfr",  T8ii»  ancl a ierm 

depending on tne interaction of barrel wear and unit temperature 

TRTU    _RTU      -BTU    ,RTU 
in '     an »   Tiax i   Taai • 

in  x^1111) - T'U + TPU + TSU + TTU + TRSU + TRTU " .,,, ;      Ti  + Tlx + Tii + Tii  + Tiix  ^ Tiii 
x*(1112) 

,nX*'(1211)       T
U ^ T

RU +    TU + ^U 
x*l(1212) 

._ X? (2111)   . -U   .  ,RU   .  ,SU  , ,TU   ,  „RSU   ,  TRTU 
x; (2112) 

._ x*(2211)       ^U _,_ _RU   , TTU   .  _RTU 

x;(2212) 
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■f.n 
x; 3111) 
X» n 3112) 

In xj '3211) 

K 3212) 

In < 1121) 
X? 1122) 

in 
xl 1221) 

ft 1222) 

In X* 
B 

2121) 
X» ■ 2122) 

In < 2221) 
xf 2222) 

In ^ 3121) 

<( 3122) 

In xj( 3221) 

^( 3222) 

l-n ^ 1131) 

^ 1132) 

tn X* 1231) 

^ 1232) 

In x*( 2131) 

^1 2132) 

tn X* 2231) 
x»( 
■ 

2232) 

Ü   ,   TSU   .  ,rTU Ti   +  'n   •   rii 

U ^    TU 

U RU SU        TU   ,     RSU RTU 
Ti    +  Tii    +  Tix   + T

Sl   +T111   +TX31 

TU + TRU + TTU        RTU 
i  T Tii   T Tai   T Tiai 

TU x TRU J. ^SU   ,  TTU   ,   TRSU   ,  TRTU T1    +  Tai    +  T^    +  Tai    +  Taix    + TB81 

U RU   ,     TU ^    RTU 
Tl    +   T81    +  Tai    + Taai 

U SU TU 
Tl    +  Til    +  T»l 

TU   +  TTU 
'l        'si 

U ^    RU ^    SU ^    RSU 
Tl    +  Tu    +  T^    + T^i 

TU + TRU 
Ti   T Tii 

TU + TRU +    SU        RSU 
1\   T T8i   T Tii   T Taii 

U   ,     RU 
Ti   +T

8i 
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In Üa x '3131) u ,   su 

tn 

x;(3132) 

^(3231) 
x* (3232) 

- T.   + T 

- T. 

5.    Since tne computer program provides not only tne values 

of x*(ljKt)   out also tne values of In (xj^ljitt)/:^ (3232)),  tne 

values of tne T'S In conclusion 4 above can De easily found. 

rU - *n ÜSL). . 3.0281 
x.*(3232) 

T?" - in <(1231)  . TU      - 1.6470 
x*(1232) l 

RU -tn^^2231)   -T"-- 2.2870 
x*(2232) 

SU . ,n ^(31311 _    U _ _ 0>6794 

x*(3132) 

TU      .    x*(3211) u ,  -„c„ 
TX1  - -tn -^ '- - T,   - - 1.9759 

xr(3212) 

TU x*(3221) U 
T  ,   - In -^ i- - T, 3 4(3222) l 

0.7746 

RSU _ ^ x*(1131)   _    U .    RU .    SU .^<2928 
111 xr(ii32)    i "    " 

RSU .     x*(2131)         U TRU      TSU _ ,   „p,,- 
T        .   In -^ '- - T. - T      - T      - 1.7215 

311 x,(2132)         l al         " 

RTU .     x*(1211)         U RU        TU      0 ,„fi 
"■■iii   "   ln-T^  ' T. - T..   - T,,   - 2.3336 111 xt(1212)         X "         " 

RTU .     x*(2211)         U RU        TU      .   ...ß 
311 <(2212)         * "1         " 
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; 

RTU .„ X* (1221) u         RU         TU      „ ,,— Ti»i  " In ~t  T,   - T,,   - TB1  - 0.1639 181             x*(1222) l         X1         81 

RTU ,     X*(2221) U      „RU      ,TU      n KR-fl 
81             x*  2222) l 8l         81 

As a enecK we nave,   for example, In (x* (1111)/x* (1112))  - 

0.7666 and ^ + r™ + T^ + T™ + T^ + r™ - 0.T666. 

6. Tne values of L and otner T parameters for tne xj^- 

distribution can De obtained from Figure 8.1 and tne computer 

listing of tne values of •tnfxj (ijRt)/x*,(3232)} and *n(x* (3232)/nrr), 

in tnis case nrr    - 270/(3^2*3x2). Tnus L - -2.3822, 

T^ - tn(x*(1232)/x*(3232))  - 1.4701,  etc. 

7. Tne computer output for x*(ijKt) is listed as table 8.5. 

Five values are given for eacn i,j,K,t, tnese are: 

Observed: x(ijftt) 

Predicted: x*(ijKt) 

Residual: x(ioKt) - x*'(ijK*) 

Standardize: 2 x(ljfct) m  (x(ijKt)/3(J (ijW,)) 

Log ratio: tn(xJ,(ijK<.)/xJ (3232)). 

Tnere is also given tne value of 2I(x:x*) along witn tne degrees 

of freedom and a probability based on tne   x* - distribution and 

tne value of L as log(x STAR/N/CELLS). 

9.    AcKnowledgment.    Tne interest and cooperation of Professor 

C.T.  Ireland and Dr. H.H.  Ku are gratefully acmowledged. 
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Component due to 

Analysis of Information 

Table 8.2 

Information 

a)x(ijK.) 2I(x:x*)-99.639 

D.F. 

18 

D)X(1JK.),x{...l) 

U-effect 2I(xJ:x»)-65.268 1 

Interaction 2I(x:x*) -34.371 17 

c)x(ijK.),x(l.-t) 

RU-effectjRST 2I(xJ:x»)- 5.303 2 

Interaction 2I(x:x*) -29.068 15 

a)x(UK.),x{i...l),x(.i.l) 

SU-effect|RST,RU 2l(x»:x»)-. 0.314 1 

Interaction 2I(x:x*) -28.754 14 

e)x(l<]K.),x(i..t),x(.j.t),> (..Kt) 

TU-effect|RST,RU,SU 2l(x»:x*)- 2.705 2 

Interaction 2l(x:x») -26.049 12 

f)x(ljK.) ,x(..w,)>x(lj.t) 

RSU-effectlRST,RU,SU,TU 2I(x*:x*)- 9.752 2 

Interaction 2l(x:x») -16.297 10 

g)x(ljK.),x(lJ.-t)lx(l.Bt) 

RTU-effect IRST.RU.SU.TU.RSU 2I(^:x*)- 8.89I 4 

Interaction 2l(x:x}) - 7-406 6 

n)x(ljK.) ^(ij.*) ,x(l.ia) ,> (.JKt) 

STU-effectlRST,RUfSU,TU, RSliRTU2l(xJ:x*)- 4.543 2 

Tnlrd-order Interaction 2l(x:x;) - 2.863 4 

< =*: 
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Component due to 

Taole 8.3 

Information D.F. 

C1)X(1JK.)>X(1..^)>X(.J.I,)       2I(x;^) - 28.754 

m)x(ljK.),x(ij..t) 

RSU-efrect|RST.RU.SU 

Interaction 

21 (x?:**) - 9.649 

2I(x:x*) - 19.105 

f)x(ljK.),x(i<].|,),x(..Kt) 

TU-effect| HST.RU.SU.RSU 

Interaction 

Component due to 

14 

2 

12 

2I(x»:xf) - 2.808 

2I(x:xf)  - 16.297 

Table 8.4 

Information 

2 

10 

D.F. 

D)X(1JK.),X(...I) 2I(x:x*)  - 34.371 17 

0)x(ljK.) ,x(l,.l) 

RU-effect|RST 

Interaction 

2I(xJ:x*) - 5.303 

2I(x:xJ) - 29.O68 

m)x(ljK.),x(lj.|,)     " 

RSU-effect|RSTfRU 

Interaction 

2 

15 

2I(xJ:x*)  - 9.963 

2I(x:x*)  - 19.105 

3 

12 

n)x(ljK.) ,x(lj.t) ^(l.itt) 

RTU-effect|RST,RU,RSU 

Interaction 

2I(x*:x*)  - 11.699 

2l(x:x*) - 7.406 

6 

6 

x» = x* 
*        t 

32 
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Taole 8.5 
~C6mputer"0utput x* 

 Rt SI DUALS:     R   <■   S  *   T *   U.     FIRST -2_S.ULS.dLLei5.L 

I OBSERVtD 
l__PI<tDICTtD_ 
1 RESIDUAL 

.l_SIANÜARUUE_ 
1 LOG  RATIO 
2  OBSEftVED_ 
2 PREDICTEü 

.2 _       RESIDUAL. 

5 
 6 

7 
 8. 

2 STANOARUUE 9 
2 LOG  RATIO 10_ 
3 OBSERVED 11 
3 PRtCICTED 12_ 
3 RESIDUAL 

_3_STANDAROIZE_ 
3        LOG   RATIO 

9.G0C000 
10.2*1535 _ 
-1.2*1535 
jM. 163043   _. 
_ixil2iI6Ä  
_8.00C000  

6.7*6210 
_ 1.252790    _ 

1.363679 
_.2J.ZI£222. 

6.000COO 
_*.758C02 
1.2*1998 
1.391587 

13 
JA. 
15  

9.0ÜC000 
9.012303 

-0.012303 
rO.012295 

 iaizim 
 7.000C00 

8.25**19 
 -1.25**19 

-1.153870 

6.000COO 
 5.987520 

0.012*80 
 0.012*90 
 iaiSÄiaa 

1 

RESIDUALS: R • S • T * U. FIRST 2 SiaSCRIPTS: 1 2 

l .2 

1_  OBSERVED I  
1  PREDICTED     2 
1_  RESIDUAL 3 
1 STANDARDIZE     * 
1 „LOG RATIO ö__. 
2 OBSERVED     6 
2 PREDICTED 7_ 

~Z     '   RESIDUAL     ö 
2 STANDARDUE  9  

'2  "   LUG RATIO     10 _. 
3_  OBSERVED 11 _ 

""3 ' PREDICTLD    12 
3 RESIDUAL 13  
T STANDARDIZE 1* 
3       LOG RATIO 15  __ 

1*.CÜC000 
12.75£*55 

_ 1.2*15*5 
1.3ÜC076 

9.00C000 
10.253795 
-1.253795 
_-l.173809 

l.OOOCOO 
2.2*1997 

-1.2*1997. 
-O.Ö07267 

12.00C00Ü 
11.987688 

_ 0.012312 
0.012308 

6.OO0C0O 
*.7*5572 
1.25**28 
l.*07280 
 IxZlhitt 

3.000 COO 
" 3.012*78 

-0.012*78 
-0.012*52 
 LaAlflm. 

RESIDUALS: R   •   S  *   T  *   U.     FIRST 2  SLBSCRIPTS:. 
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1           OBSERVED 1 11.000000    . 4.000C00 
1        PRECICTtO 
I          RESIDUAL 

2 
3 

Il.6fi5621 
-0.685A21 

3.314257 
0.685743 

1   STANDARDIZE 
1        LÜG RATIO 

4 
5    . 

-0.665103 
     2.825670      , 

0.752241 

2           ODSERVtO 
2        PREDICTED 

6 
7 
B 
9 

10 _. 
11 
12 
13 
14 
15 _. 

14.000000 
12.472881 

1.527119 
1.617001 

      2.89£fl6fi 
12.00 0000 
12.841480 
-0.8A1480 
-0.812287 

1.000 COO 
2.527158 

2           RESIDUAL 
2   STANDARDIZE 

-1.527158 
-0.927C95 

2 LUG RATIO 
3 UBSERVED 
3        PREDICTED 
3          RESIDUAL 

 l*i&&Ql 
3.000000 
2.158594 
0.841406 

  

3   STANDARDIZE 
3        LOG RATIO 

0.987465 

RESIDUALS:      R   *   S   * T  *   L. FIRST          2  SLBSCRIPTS:         2 2 

I 2 

1           OBSERVED 
I        PREDICTED 

1 
2 

9.00COOO 
8.314383 

6.C00C00 
6.6857^0 

1           RESIDUAL 
1   STANDARDIZE 
1 LÜG  RATIO 
2 UBSERVED 

3 

5  „ 
6 
7 
8 
9 

.10  
11 
12 
13 
I'» 
15 _. 

0.685617 
C.713138 

_.,,     «i.4^299.   . 
8.00COOO 
9.b27126 

-1.527126 
-1.397613 

-          Zj.bZim     _- 
U.OOCOOO 
10.156509 
Ü.8M491 
C.875411 

 iLäZZilZA  

-0.685740 
-0.6-V9305 
 2^261202 

7.000COO 
2        PREDICTED 
2            RESIDUAL 

5.^72 6^0 
1.527 160 

2   STANDARDIZE 
2 LOG  RATIO 
3 UBSERVED 
3        PREDICTED 

1 .722786 
 ZjtütiniQ. 

4.000C00 
4.8^1AOA 

3           RESIDUAL 
3   STANDARDIZE 

-0.841^04 
-0.763442 

3        LUG  RATIO ._.1..2ftil5iÄ 

FIRST          2  SLBSC RESIDUALS:     R  *   S  * T *   U. RIPTS:          3 1 

1 2 

1           OBSERVED 1 
2 
3 
4 
5  _. 
b~ 
7 
8 
9 

9.00COOO 
8.Ö82741 
0.117259 

6.000COO 
1        PREDICTED 
1           RESIDUAL 

6.118252 
-0.118252 

1   STANDARDIZE 
1 LOG  RATIO 
2 DBSEkVtU 
2        PREDICTED 
2           RESIDUAL 
2   STANDARDIZE 

0.116029 
     2*5Sii22 

U.OOCOOO 
12.A25370 
0.574630 
0.567705 

-0.117102 
„-2*125 SSI 

2.000C00 
2.574304 

-0.574304 
-0.504 664 

  

2 LOG  RATIO 
3 08-SeRVEP 

10  _. 
11 13.00 0000 2.000000 
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.3__ PREUICTEO. 
3 RESIDUAL 
3_STANÜAR0IZE 
3       LOG  RATIO 

J2_. 
13 

13.691921 
-0.691921 
-C.67^136 

i5 ixaaiiia— 

 I .30T4H. 
0.692589 

_0.850196 

RESIDUALS:     R  *  S *   T *   U.      FIRST 2  SLOSCRIPTS: 

OBSERVtO 
PREDICTED 
RESIDUAL, 

STANDAKÜUE 
LOG RATIO, 
OBSERVtO 

PREDICTED, 
RESIDUAL 

^STANDARDIZE, 
LOG RATIO 

3 _ OBSERVED 
3   PREUICTEO 
_3_  RESIÜUAL_ 
3 STANDARDIZE 
3   LOb RATIO 

? 
_3  

_5  
6 

_7  
8 

_ 9  
10  
11  
12 
13  

16  

u.oocooo 
11.117260 
rC. 117260 
-0.116640 

4.000COO 
3.Ö61743 
0.118257 
O.120C37 

13.000000 
_13.57'i622   
-0.574622 
-0.5ö2285 

_2*2I15ii  
.ib.oocnoo   
14.300073 

0.691927 _ 
0.708390 

2 .OOOCOO 
__l .4256S5 

O.b74305 
0 .676S74 

O.O00CO5 
0.ö92!:93 

-0.692 588 
-O.O00Ct>9 

HYPOTHESIS 4 2IOUX*)   = 7.406        DEGREES   OF   FREEDUM 

6        PROBA0IL1TY  UH   A   LARGER   VALUE   »        0.284956 

"LOGUSTAR/N/CELLS)   - -2.382215 

35 

■ ^tmrnmrn . 



in      HnpnffH 
'," '••'■r- fft^mt ■"■i"" iiappmmi ■"■■'■i iww g ■ IWIWJJfiBWMPIW-1 -«1 

FIGURE 8.; L 

i <J|T 1/ 'i^T A i«5 
f. r1fP w rf '   R ̂

L H iWrl 
^:*ljtL r T /fol /llLl|l*l|»i ( < \ii\\i " 

/(/2)1 (liiwzjl i im« iirt^l^/llllill'tfM'WW/ 

// / / ' 11  l ■i 1 1 ' i     / J II     1 i_U IM 
j/a. / ' 1 'i J ' *      1 i r i '' 

i 
1» i 

/ 
1 '     ' i r 1 M - r ■ - 

13' i /! ; 
i - '    ' - 'i Ji '/ 

/!/ Ai\\ i    | 1 1 rr 1 ' 1/ / 1 M / 1 t 1 
■ 

i 'i* Mi 1 i / i i   1 li 
i^/ Al/ ; ' i 1 1 . ' '    ' ' ' 1 1 1 H_ 
>:AUI/ ' i ' 1 i i <   i ' i r 
ij/ 9\l\\ 1 • ' ' ' j 1    | 1 i 
-:- 
Ja */1 111 J ' i i   1 1 i 

//l^'H 11 i ■ ill 
i'lii/   1 i 

' iX/jJi;  ( ' i 1 /   i   i 1 j 
!^U|/  ( i \\ \- \ i 

i-»/^;/  1 11 / 
132. 3 l\i !   i   1/ i i ! 
1 /M|/|i|i 1 1 I

- 
ii 1 I .   . 1 i i 

'r 'i1' i I \ 
*j/1/3.1 M / 1 ; 

' 
; 

ilXI /|* < ' / 
^/   ' Al 

' ' 
li  1 

!Ü'/i*ll " i 
|/l/ A^  1 

AX  1 
*A 1 

hi i f- 
i 

— 
i 

- — 1 
"irr 

_j Ii _ 

F 
' 

1 i 

k 
i i [ ■ 4- 

/ A 

- 
— i" 

~!T 
Ul/ i Im 

Y - - — — 
:Ai III 
Is/i^M 1   i i ' 
i^W ^aJl i i J I ■ i 1      ! 

i /l'i Jia-1 
' ■-■' \- 

"T _ it" •- - - -|-|-j- -— - •4—1- 
 ! 

- - - 
■|- ; '3- 3Z  1 

V iUj 1' ' / I i 

* »^i '* Ml. 
' 

i 

137 3*1 i 1   ' 
Jl 3|l4 i i   1 

I ■   1 
i | i ii i '   l 1- _ _ 1 - — - 11. 

| FIGURE %A 
1 1 'ji/r ; L.    L       II       1 11 ' i 

iK1 y\*\ > <*-<» y • "T" «* ** • Ml J yA  ***]*' *» i •» t* ^ f ^ 1 dH"!!] ^|w> I'lvw tjH*' H i 

" " «» ** 
• 
• 

" i '1 ^ 

• • Hl i < n 
• 
^ 
" 

V 

_l _ - 1 ■" P 
1 
1 

1 
V. v 1 

'r 
1 " 

* 

V   1 

"" 1 » 

"1 " 
'1 "" 
3 • 

- •• 
•^ 1 

'•It 

1 i—" 

{ j 

i   IW 
i^VK ' y/]" ^ J ^ - •1/ 

*» • «'U.u *" '1 •'i j--. * •* J H ^ ^ vl* " k >/ " . 
i j 

*'' ^ "•'Mf 1 
'■ \ • yS» "   1 ^1 •/l 

• • U " 1" V ' " •]•' • 1     ; •«i - *> H ■ ̂ 

: tfwi iii 
•* ^ r ' i*' • •/j J /l «^^ L» 

^ 
* •> * 

' ' rr •Uivr 

i |       [ .J...L. 
! 
iJ j 

WlJ^M i i 
,1, ,11 

—i i i i 
i i 
i i 

36 

■   ■ daMÜH «MHiMi 



■■■■ " ■•   '■ "■- 

REFERENCES 

[1]    Bartlett, M.S.   (1935),  Contingency taole Interactions, 

J. Roy.  Statist.  Soc. Supplement 2.   248-252. 

[2]    Darrocn, J.N.   (1962), Interactions In mult 1-factor contingency 

taoles, J.R. Statist. Soc.  B. 24,  251-263. 

[3]    Ireland, C.T.,  Ku,  H.H., and KullDacK,  S<,   (1969),  Symmetry 

and marginal nomogenelty of an r x r contingency taole, j. Am. 

Statist. Assn. 64,  1323-1341. 

[4]    Ireland, C.T.  and KullDacK,  S.,   (I96P),    Contingency tables 

wltn given marginals,  BlometrlKa 55, 179-188. 

[51    Ireland, C.T.  and KullbacK,  S.,   (1968), Minimum discrimination 

information estimation.  Biometrics 24,  707-713. 

[6]    Ku, H.H. and KullDacK,  9.,   (1968), Interaction in multi- 

dimensional contingency tables:an information tneoretic 

approacn, J.  Res.  Nat.  Bur. Stand. B 72,  I59-I99. 

171    Ku, H.H.,  and KullbacK,  S.,   (1969), Approximating discrete 

probability distribution,  I.E.E.E. Trans,  on Information 

Tneory. IT-15, 444-447. 

[8]    Ku, H.H.,  and KullbacK,  S.   (1969), Analysis of multidimensional 

contingency tables:an information tneoretic approacn,  I.S.I. 

Meeting, London,  England, Sept. I969, I56-I58. 

[9]    Ku, H.H., Vamer,   R., and KullbacK, S.,   (1968), Analysis of 

multi-dimensional contingency tables,  Proceedings of tne 

Fourteentn Conference on tne Design of Experiments In Army 

Researcn Development and Testing. ARD-D Report 69-2,  141-180. 

[10^    Ku, H.H., Vamer,   R.,  and KullbacK, S.   (1971), On tne 

analysis of multi-dimensioned contingency tables, to appear 

in J. Am. Statist. Assn. 

37 

    '       ■ ■    ' -■  ..         ■ niMiii nMlüil—MnMMHn   -    -^  



[11] KulloacK, S., (1959), Information Tneory and Statistics, 

Wiley, N.Y.; 1968, Dover Puolications, Inc., N.Y. 

[ 12] Ku-lloacK, S., (1968), Prooaoility densities witn given 

marginals, Annals Matn. Statist. 39, l236-lffi3. 

[lJ] KullDacK, S., (1970), Various applications of minimum 

discrimination information estimation, particularly to 

proolems of contingency taole analysis, Proceedings of 

Tne Meeting on Information Measures, University of Waterloo, 

Ontario, Canada . 

[14] Kulloac K, S., (1971) , Marginal nomogeneity of multi­

dimensional contingency taoles , to appear in Annals of 

Matn. Stat ist. 

~153 Lewis , B.N., (1962), On tne analysis of inte raction in 

multi-dimensional contingency taoles, J.R. Statist. Soc. A 

125 , 88-117. 

[ 16 ~ Roy, S.N. and Kastenoaum , M.A., (1956), On tne nypotnesis of 

no "interaction" in a multiway contingency taole, Annals 

Matn. Statist. 27, 749-57. 

[ 17] Simpson, E.H., (1951 ) , Tne interpretation of in ' : raction in 

contingency taoles, J.R. Statist. Soc. B 13, 238-241 

38 


